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A NONSTANDARD APPROACH TO
EQUIDISTRIBUTION
TRISTRAM DE PIRO
Abstract. Using nonstandard analysis, we generalise a classical
result on equidistributions to integrable functions, and give an ap-
plication of the Weil conjectures for algebraic curves, to equidistri-
bution in characteristic zero.
Lemma 0.1. Let {xn : n ∈ N} be equidistributed on [0, 1), then, if
f ∈ L1([0, 1)), we have that;
∫ 1
0
fdµ = limn→∞
1
n
∑n
j=1 f(xj)
Proof. We give a nonstandard proof of this result. Choose η ∈ ∗N
infinite. By transfer, we can find an internal sequence {si : i ∈
(∗N ∩ [1, η])} ⊂ ∗[0, 1), with si = xi, for i ∈ N . We adopt the nota-
tion (Sη, Cη) of Definition 0.4 in [4], and define δη : Cη →
∗R by setting;
δη([
j
η
, j+1
η
)) = 1
η
∗Card({i ∈ ∗N ∩ [1, η] : si ∈ [
j
η
, j+1
η
)})
δη(V ) =
∗
∑
j
η
∈V δη([
j
η
, j+1
η
)) (∗)
for 0 ≤ j ≤ η − 1 and V ∈ Cη. It is easily verified that δη
is finitely additive, hence ∗-finitely additive. Following [3], we let
(L(Sη), L(Cη), L(δη)) denote the associated Loeb space. We claim that
the standard part mapping;
st : (L(Sη), L(Cη), L(δη))→ ([0, 1],B, µ)
is measurable and measure preserving, (∗∗), where B denotes the
completion of the Borel field on [0, 1] and µ is Lebesgue measure. Ob-
serve, for {a, b} ⊂ ([0, 1) ∩ Q), using (∗) and the fact that [a, b) =⋃
aη≤j<bη[
j
η
, j+1
η
);
δη(
∗[a, b)) = 1
η
∗Card{1 ≤ i ≤ η : si ∈ [a, b)}
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The internal sequence {sia,b}1≤i≤η, defined by s
i
a,b =
1
i
∗Card({k ∈
∗N ∩ [1, i] : sk ∈ ∗[a, b)}), has the property that s
η
a,b ≃ b − a, us-
ing Theorem 2.22(i) of [3]. Hence L(δη)(
∗[a, b)) = b − a. Now, let
{c, d} ⊂ ([0, 1) ∩ R), and assume that c 6= 0, (1). Choose sequences
{cl,n, cu,n, dl,n, du,n : n ∈ Z≥1} ⊂ (
∗[0, 1)∩Q) such that cu,n < c < cl,n <
dl,n < d < du,n, limn→∞cu,n = limn→∞cl,n = c and limn→∞du,n =
limn→∞dl,n = d. We have that [cl,n, dl,n) ⊂ [
[ηc]
η
, [ηd]
η
) ⊂ [cu,n, du,n), for
n ∈ Z≥1. Then, using elementary properties of measures, we have that;
L(δη)([
[ηc]
η
, [ηd]
η
)) = limn→∞L(δη)([cl,n, dl,n))
= limn→∞L(δη)([cu,n, du,n))
= limn→∞(dl,n − cl,n)
= limn→∞(du,n − cu,n) = d− c
We can now follow Theorem 14 in [1], to obtain that L(δη)(st
−1([c, d))) =
d − c, and then (∗∗) is shown, using the same proof. For g ∈ V (Sη),
and A ∈ Cη, we let
∫
A
gdδη be as in Definition 3.9 of [3], and define
S-integrability, as in Definition 3.17 of [3]. Then, we have, by Theorem
3.20 of [3], that, for g S-integrable;
◦
∫
Sη
gdδη =
∫
Sη
◦gdL(δη), (∗ ∗ ∗)
If f ∈ L1([0, 1),B, µ), using the result (∗∗), we must have that
st∗(f) ∈ L1(L(Sη), L(Cη), L(δη)). We claim that there exists g ∈
SL1(Sη), (
2), with the property that g(xi) = f(xi), for 1 ≤ i ≤ η
and ◦g = st∗(f) a.e d(L(δη)), (∗ ∗ ∗∗). We follow the case by case proof
of Theorem 3.31 in [3]. The case when st∗(f) is bounded follows by
choosing the initial sequence of Cη-measurable functions {fn}n∈N>0 to
have the property that fn(xi) = f(xi), for 1 ≤ i ≤ n. After extending
the sequence {fn}n∈N>0 to an internal sequence {fn}1≤n≤ω′, for some
infinite ω′, this property continues to hold by overflow, quantifying
over the internal sequence {∗f(si)}1≤i≤min(ω′,η). Choosing ω ≤ ω
′, as in
the proof of Theorem 3.13, we obtain that fω(xi) = f(xi), for i ∈ N ,
(∗ ∗ ∗ ∗ ∗). For the general case, we can follow the proof, requiring,
using (∗ ∗ ∗ ∗ ∗), and replacing Sη by An, that the sequence {fn}n∈N>0,
1The case c = 0 can be dealt with, by observing that [η0] = 0, and taking
cu,n = 0.
2Using the notation in [1] for S-integrable functions.
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has the property that fn(xi) = f(xi), for any si ∈ An. Hence, (∗ ∗ ∗∗)
is shown. Then, using (∗∗), (∗ ∗ ∗), (∗ ∗ ∗∗);
◦( 1
η
∗
∑
1≤j≤η f(sj))
= ◦( 1
η
∗
∑
1≤j≤η g(sj))
= ◦
∫
Sη
gdδη
=
∫
Sη
◦gdL(δη)
=
∫
Sη
st∗(f)dL(δη) =
∫ 1
0
fdµ
The lemma then follows, this time using Theorem 2.22(ii) of [3].

Definition 0.2. If η ∈ ∗N is infinite, we say that an internal sequence
{si}1≤i≤η ⊂
∗[0, 1) is equidistributed if it corresponds, by transfer, to
a standard equidistributed sequence {xi}i∈Z≥1 ⊂ [0, 1). An internal se-
quence {si}1≤i≤η is weakly equidistributed if, for the associated measure
L(δη), L(δη)(a, b) = b− a, for {a, b} ⊂ ∗[0, 1).
Remarks 0.3. Observe, from the proof of Lemma 0.1, that equidis-
tributed implies weakly equidistributed, and, if {si}1≤i≤η is equidis-
tributed or weakly equidistributed, then for any standard f ∈ L1([0, 1)),
( 1
η
∗
∑
1≤j≤η f(sj)) ≃
∫ 1
0
fdµ.
Lemma 0.4. If η ∈ ∗N is infinite,an internal sequence {si}1≤i≤η is
weakly equidistributed iff 1
η
∗
∑
1≤i≤ηexpη(2πiksi) ≃ 0, for finite k ∈
Zη, 6=0, (
3).
Proof. Suppose that {si}1≤i≤η is weakly equidistributed, then, using
the proof of Lemma 0.1 and Remark 0.2, we have that, for finite
k ∈ Zη, 6=0, as expη(2πikx) is S-integrable;
◦( 1
η
∗
∑
1≤j≤ηexpη(2πiksj))
= ◦
∫
Sη
expη(2πikx)dδη
3We adopt the notation of Definition 0.8 in [4], letting expη(2piikx) denote the
Cη-measurable counterpart of ∗exp(2piikx) on ∗[0, 1), and Zη, 6=0 = {k ∈ ∗Z : −η ≤
k ≤ η − 1}.
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=
∫
Sη
◦expη(2πikx)dL(δη)
=
∫
Sη
st∗(exp(2πikx))dL(δη) =
∫ 1
0
exp(2πikx)dµ = 0
Conversely, suppose that 1
η
∗
∑
1≤i≤ηexpη(2πiksi) ≃ 0, (∗), for finite
k ∈ Zη, 6=0. Let {a, b} ⊂ [0, 1), ǫ > 0 and choose f ∈ C∞([0, 1]), (
4),
such that ||f − χ[a,b]||C([0,1)) < ǫ, (∗∗). Suppose that f = g + r, where
r =
∫ 1
0
fdµ, so that g ∈ C∞([0, 1]) and
∫ 1
0
gdµ = 0. Using Lemma 0.9
of [4], we have that;
gη(x) =
∗
∑
k∈Zη, 6=0
gˆη(k)expη(2πikx), (
5)
Hence, using (∗), the fact that | 1
η
∗
∑
1≤i≤ηexpη(2πiksi)| ≤ 1, and
|gˆη(k)| ≤
H
k2
, (∗ ∗ ∗), for k ∈ Zη, where H ∈ R, (
6);
1
η
∗
∑
1≤i≤ηgη(si) =
1
η
∗
∑
1≤i≤η
∗
∑
k∈Zη, 6=0
gˆη(k)expη(2πiksi)
= ∗
∑
k∈Zη, 6=0
gˆη(k)
1
η
∗
∑
1≤i≤ηexpη(2πiksi) ≃ 0
Hence;
1
η
∗
∑
1≤i≤ηfη(si) ≃ r
and, using (∗∗);
| 1
η
∗
∑
1≤i≤ηχ[a,b),η(si)−
1
η
∗
∑
1≤i≤ηfη(si)| ≤
1
η
ηǫ = ǫ
Hence, as | 1
η
∗
∑
1≤i≤ηχ(a,b),η(si) − r| < 2ǫ and |r − (b − a)| < ǫ, we
have that;
| 1
η
∗
∑
1≤i≤ηχ(a,b),η(si)− (b− a)| < 3ǫ
and, as ǫ was arbitrary;
1
η
∗
∑
1≤i≤ηχ(a,b),η(si) ≃ (b− a)
It follows that {si}1≤i≤η is weakly equidistributed.
4We let C∞([0, 1]) = {f ∈ C[0, 1] : ∃g ∈ C∞(S1), ang∗g = f}, where ang(θ) =
e2piiθ, for θ ∈ [0, 1].
5We adopt the notation, in Definition 0.8, for {gη, gˆη, Zη}.
6For (∗ ∗ ∗), see Lemma 0.16 and Theorem 0.19 of [4].
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
Lemma 0.5. Let p ∈ R[x] be a standard polynomial of degree d,
p(x) =
∑d
l=0 alx
l, with 0 ≤ al < 1, then;
limq→∞,q prime
[alq]
q
= al
and, if 0 ≤ a < b < 1 and f ∈ L1([0, 1));
limq→∞,q prime
1
q
|{i : 1 ≤ i ≤ q,
∑d
l=0
[alq]
q
il (mod 1) ∈ (a, b)}| =
(b− a)
∫ 1
0
fdµ = limq→∞,q prime
1
q
∑q
i=1 f(
∑d
l=0
[alq]
q
il (mod 1))
Proof. The first claim follows easily from the fact that, for infinite
η ∈ ∗N prime, [alη]
η
≃ al, and Theorem 2.2(i) of [4]. For q prime in
∗N , let tl,q = [qal]. We have al ≃
[ηal]
η
, and, therefore, 0 ≤ tl,η < η, for
η ∈ ∗N infinite prime. It follows, using underflow, that 0 ≤ tl,q < q,
for sufficiently large q ∈ N prime, q ≥ N(p), (∗). For q ∈ ∗N prime,
let pq =
∑d
l=0 tl,qx
l. We now claim that, for infinite η ∈ ∗N prime,
the sequence {
∗pη
η
(j)}1≤j≤η is weakly equidistributed, (∗∗). By Lemma
0.4, it is sufficient to show that there exists an infinite η ∈ ∗N , with
1
η
∗
∑
1≤j≤ηexpη(2πik
pη
η
(j)) ≃ 0, for k ∈ Zη, k finite, (∗ ∗ ∗).
Let Fq ∼= Z/qZ denote a finite field with q elements. Using Lemma
0.5 of [2], we have that, for q ≥ N(p), (q, d) = 1, and for 0 < k ≤ η−1;
|
∑
0≤j≤q−1 e
2pii k
q
pq(j)| ≤ (d− 1)q
1
2 + 1
If η ∈ ∗N is prime, then (η, d) = 1, η ≥ N(p), and, by transfer, for
0 < k ≤ η − 1;
1
η
|
∑
0≤j≤η−1
∗exp(2πik
η
∗pη(j))| ≤
(d−1)
η
1
2
+ 1
η
≃ 0
The characters {e2pii
k
q : −(q−1) ≤ k ≤ −1} are just a re-enumeration
of the characters {e2pii
k
q : 1 ≤ k ≤ q− 1} on Fq for q prime, and, there-
fore, by the same argument;
1
η
|
∑
0≤j≤η−1
∗exp(2πik
η
∗pη(j))| ≃ 0, for k ∈ Zη \ {−η, 0}
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As exp(2πikx) is continuous on [0, 1), for k ∈ Z, and;
max( 1
η
expη(2πi
k
η
∗pη(0)),
1
η
(expη2πi
k
η
∗pη(η))) ≃ 0
we have that;
1
η
|∗
∑
1≤j≤ηexpη(2πi
k
η
∗pη(j))| ≃ 0, for finite k ∈ Zη, 6=0
It follows that (∗∗), (∗ ∗ ∗) hold. We have that, for any given ǫ > 0
standard, η ∈ ∗N infinite prime, that;
(b − a) − ǫ < 1
η
|{i : 1 ≤ i ≤ η,
∑d
l=0
[alη]
η
il (mod 1) ∈ (a, b)}| <
(b− a) + ǫ
By underflow, there exists a standard N(ǫ, p) prime, such that, for
all standard primes q ≥ N(ǫ, p);
(b−a)−ǫ < 1
q
|{i : 1 ≤ i ≤ q,
∑d
l=0
[alq]
q
il (mod 1) ∈ (a, b)}| < (b−a)+ǫ
hence, the second claim is shown. Using Remarks 0.3, for any given
f ∈ L1([0, 1)), standard ǫ > 0, η ∈ ∗N infinite prime;
∫ 1
0
fdµ− ǫ < 1
η
∑η
i=1 f(
∑d
l=0
[alη]
η
il (mod 1)) <
∫ 1
0
fdµ+ ǫ
Again, by underflow, there exists a standard M(ǫ, p, f) prime, such
that, for all standard primes q ≥M(ǫ, p, f);
∫ 1
0
fdµ− ǫ < 1
q
∑q
i=1 f(
∑d
l=0
[alq]
q
il (mod 1)) <
∫ 1
0
fdµ+ ǫ
Hence, the final claim is shown.

Definition 0.6. If p ∈ R[x], and pq, q prime, are as in Lemma 0.5, we
define the associated measure µp,q =
1
q
(δpq(1) + . . .+ δpq(i) + . . .+ δpq(q)),
where {δpq(i) : 1 ≤ i ≤ q} are point measures supported at {pq(i) : 1 ≤
i ≤ q}.
Lemma 0.7. If p ∈ R[x], then the sequence {µp,q : q ∈ N , q prime}
converges weakly to Lebesgue measure on [0, 1).
Proof. The proof follows immediately from the last part of Lemma
0.5. 
A NONSTANDARD APPROACH TO EQUIDISTRIBUTION 7
References
[1] A Non-Standard Representation for Brownian Motion and Ito Integration,
Israel Journal of Mathematics, Vol. 25, (1976)
[2] A Note on the Weil Conjectures for Curves, Tristram de Piro, available at
http://www.curvalinea.net, (2015).
[3] Applications of Nonstandard Analysis to Probability Theory, Tristram de
Piro, available at http://www.curvalinea.net, (2013). (MOVE TO dep1)
[4] A Simple Proof of the Uniform Convergence of Fourier Series using Non-
standard Analysis, Tristram de Piro, available at http://www.curvalinea.net,
(2013).
Mathematics Department, Harrison Building, Streatham Campus,
University of Exeter, North Park Road, Exeter, Devon, EX4 4QF,
United Kingdom
